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Abstract
A finite set of real numbers is called convex if the differences between consecutive
elements form a strictly increasing sequence. We show that, for any pair of convex sets
A,B ⊂ R, each of size n1/2, the convex grid A×B spans at most O(n37/17 log2/17 n) unit-
area triangles. This improves the best known upper bound O(n31/14) recently obtained
in [17]. Our analysis also applies to more general families of sets A, B, known as sets of
Szemere´di–Trotter type.
1 Introduction
The problem considered in this paper is to obtain a sharp upper bound on the maximum
number of unit-area triangles spanned by n points in the plane. The problem has been posed by
Oppenheim in 1967 (see [6]) and has been studied since then in a series of papers [1, 3, 5, 16, 17].
The currently best known upper bound, for an arbitrary set of n distinct points in the plane,
is due to the first two authors [17]:
Theorem 1 (Raz and Sharir [17]). The number of unit-area triangles spanned by n points
in the plane is O(n20/9).
In this paper we study a variation of the problem, first considered in [17], concerning the
number of unit-area triangles spanned by points in a convex grid. That is, the input set is of the
form A×B, where A and B are convex sets of n1/2 real numbers each; a set X = {x1, . . . , xn},
with x1 < x2 < · · · < xn, of real numbers is called convex if
xi+1 − xi > xi − xi−1,
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for every i = 2, . . . , n− 1. See [4, 7, 8, 9, 10, 13, 19, 20, 24] for more details and properties of
convex sets.
We establish the following improvement of Theorem 1 for convex grids.
Theorem 2. Let S = A × B, where A,B ⊂ R are convex sets of size n1/2 each. Then the
number of unit-area triangles spanned by the points of S is O(n37/17 log2/17 n).
As noted, the problem was first considered in the conference paper [17], where the weaker
bound O(n31/14) has been obtained. The analysis presented here uses the general high-level
approach as in [17], but develops and adapts refined techniques that lead to the improved
bound asserted above.
Our result is a somewhat unusual application of the properties of convex sets (and of their
generalization, so-called sets of Szemere´di–Trotter type, defined and discussed below) in a two-
dimensional “purely geometric” context, in contrast with their more standard applications in
arithmetic combinatorics (such as in [13, 20]). Nevertheless, to obtain the improved bounds,
we need to adapt and develop new properties of convex sets (and of sets of Szemere´di–Trotter
type) within their standard arithmetic context. These properties are presented in Section 2,
and culminate in Lemma 9, a technical “multi-dimensional” property of such sets, which we
believe to be of independent interest.
The main technical tool used in our analysis is a result of Schoen and Shkredov [20] on
difference sets involving convex sets. For two given finite subsets X,Y ⊂ R, and for any s ∈ R,
denote by δX,Y (s) the number of representations of s in the form x− y, with x ∈ X, y ∈ Y .
Lemma 3 (Schoen and Shkredov [20, Lemma 2.6]). Let X,Y be two finite subsets of R,
with X convex. Then, for any τ > 1, we have
∣∣{s ∈ X − Y | δX,Y (s) > τ}∣∣ = O
(
|X||Y |2
τ3
)
.
As a matter of fact, our analysis applies to the more general setup of grids A × B, where
the sets A,B are of Szemere´di–Trotter type. We recall their definition from [21] (with a slightly
different notation, and for the special case of the additive group R).1 We note that sets
of Szemere´di-Trotter type have been instrumental in recent works in additive combinatorics,
including an improved bound on the sum-product problem [12]; see also [22].
Definition 4 (Shkredov [21]). A finite set X ⊂ R is said to be of Szemere´di–Trotter type
(abbreviated as SzT–type), with a parameter α > 1, if there exists a parameter d(X) > 0 such
that ∣∣{s ∈ X − Y | δX,Y (s) > τ}∣∣ 6 d(X)|X||Y |α
τ3
, (1)
for every finite set Y ⊂ R and every real number τ > 1.
In view of Lemma 3, any convex set X is of SzT-type, with the parameter α = 2 and with
d(X) = O(1); see [20] for more details.
1Note that the factor d(X)|X| in the right-hand side of (1) can be replaced simply by a function of X, c(X),
as is done in [21]. We choose to keep the quantity |X| in the notation, though, to have a better comparison
between the convex case and the more general case of sets of SzT-type.
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We note also that any set X is of SzT-type with parameter α = 2 and d(X) = |X|. Indeed,
it is sufficient to check the condition (1) just for τ 6 min{|X|, |Y |} 6
√
|X| · |Y |. Since the
left-hand side of (1) does not exceed |X||Y |/τ , the claim follows. Thus, in what follows we
may assume that d(X) 6 |X|.
Definition 4 is rather general, and applies, with nontrivial bounds for d(X), to several other
families of sets, where, for many instances, the condition (1) is obtained using the Szemere´di–
Trotter theorem [25] (which is why they are named this way), that we recall next.
Theorem 5 (Szemere´di and Trotter [25]). (i) The number of incidences between M distinct
points and N distinct lines in the plane is O(M2/3N2/3+M+N). (ii) Given M distinct points
in the plane and a parameter k 6 M , the number of lines incident to at least k of the points is
O(M2/k3 +M/k). Both bounds are tight in the worst case.
Our analysis will actually establish the following generalization of Theorem 2.
Theorem 6. Let S = A×B, where A,B ⊂ R are of SzT-type with parameter α = 2, and are
of size n1/2 each. Assume further that
d(A) 6 d(B) 6 n6/47d(A)42/47(log n)−13/47.
Then the number of unit-area triangles spanned by the points of S is
O
(
n37/17(d2(A)d(B) log n)2/17
)
.
To appreciate the broader scope of Theorem 6, let us present additional examples of sets
X of SzT-type with parameter α = 2, and with d(X)≪ |X|.
Examples.
(i) Let f be a strictly convex or concave function, and let A ⊂ R be finite. Then f(A) is of
SzT-type with parameter α = 2 and with d(f(A)) = q(A), where
q(A) := min
C 6=∅
|A+ C|2
|A||C|
. (2)
By the same token, any set A is of SzT–type with d(A) = q(f(A)); see [18, Lemma 7] and also
[14, 20] for more details.
(ii) Let A ⊂ R be finite, and assume that |AA| 6 M |A|. Then A is of SzT-type with d(A) 6 M2.
Indeed, assume first that A ⊂ R+, and consider the convex function f(x) = 2x and the set
A′ := logA. Then A = f(A′). By Example (i), A is of SzT-type, with parameter α = 2 and
d(A) = q(A′). We have
d(A) = min
C 6=∅
|A′ + C|2
|A′||C|
6
|A′ +A′|2
|A′||A′|
=
| logAA|2
|A|2
=
|AA|2
|A|2
6 M2.
The case in which A also involves negative elements is argued similarly.
(iii) Let A ⊂ R+. Then logA is of SzT-type with parameter α = 2 and with d(logA) = q˜(A),
where
q˜(A) := min
a∈R\{0}, C 6=∅
|(A+ a)C|2
|A||C|
;
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see [11, 15].
In the next section we introduce some notation and preliminary background, and establish
the properties of SzT-type sets which are needed for our analysis. The proof of Theorem 6 is
then given in Section 3.
2 Properties of sets of Szemere´di–Trotter type
Let A ⊆ R be finite. By a slight abuse of notation, we use the same letter to denote the
characteristic function A : R→ {0, 1} of A, with A(x) = 1 if and only if x ∈ A. For k > 2 and
a (k − 1)-tuple ~x = (x1, . . . , xk−1) ∈ R
k−1, we put
A~x := A ∩ (A− x1) · · · ∩ (A− xk−1).
(For k = 2 we use the shorter notation Ax for A ∩ (A − x), for x ∈ R.) Its characteristic
function is then
A~x(z) = A(z)A(z + x1) · · ·A(z + xk−1).
The additive energy of A (see, e.g., [26]) is defined as
E(A) :=
∑
x∈R
|Ax|
2.
Equivalently,
E(A) =
∣∣∣{(a, a′, b, b′) ∈ A4 | a− b = a′ − b′}∣∣∣.
Indeed,
E(A) =
∑
x∈R
∣∣∣{(a, b) ∈ A2 | a− b = x}∣∣∣2 =∑
x∈R
∣∣∣{a ∈ A | a− x ∈ A}∣∣∣2 =∑
x∈R
|Ax|
2.
This notion can be extended to yield higher-order variants of the energy. Specifically, for
k > 2, the k-order energy of A is defined as
Ek(A) :=
∑
x∈R
|Ax|
k. (3)
Thus E(A) = E2(A). Equivalently, as shown in [23], we have
Ek(A) =
∑
~x=(x1,...,xk−1)∈Rk−1
|A~x|
2 . (4)
Finally, for k, l > 2, define
Ek,l(A) :=
∑
~x=(x1,...,xk−1)∈Rk−1
|A~x|
l .
In view of (4), we have E2,k = Ek,2(= Ek). More generally, we have the following property.
Lemma 7 (Shkredov and Vyugin [23]). Let A ⊆ R be finite, and let k, l > 2. Then
Ek,l(A) = El,k(A) .
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For a set A of SzT-type (with α = 2) we have the following simple bound on E3(A).
Lemma 8. Let A be a set of SzT-type with parameter α = 2. Then
E3(A) = O
(
d(A)|A|3 log |A|
)
.
Proof. By definition,
E3(A) =
∑
s∈R
|As|
3 =
∑
s∈A−A
δ3A,A(s)
=
|A−A|∑
τ=1
τ3 ·
∣∣{s | δA,A(s) = τ}∣∣
=
|A−A|∑
τ=1
τ3 ·
(∣∣{s | δA,A(s) > τ}∣∣− ∣∣{s | δA,A(s) > τ + 1}∣∣)
= |A−A|+O

|A−A|∑
τ=2
τ2 ·
∣∣{s | δA,A(s) > τ}∣∣

 .
Using (1), this yields
E3(A) = |A−A|+O

|A−A|∑
τ=2
τ2 ·
d(A)|A|3
τ3


= O
(
|A|2 + d(A)|A|3 log |A−A|
)
= O
(
d(A)|A|3 log |A|
)
,
as asserted. ✷
We also need the following property.
Lemma 9. Let A be a set of SzT-type with parameter α = 2, and let m > 3. Then∣∣∣{(a1, . . . , am) ∈ Am | |(A− a1) ∩ · · · ∩ (A− am)| > τ}∣∣∣ 6 d(A)|A|Em−1,3(A)
τ3
, (5)
for every τ > 1.
Proof. Put
σ :=
∣∣∣{(a1, . . . , am) ∈ Am | |(A− a1) ∩ · · · ∩ (A− am)| > τ}∣∣∣ .
We have
|(A− a1) ∩ · · · ∩ (A− am)| =
∑
z∈R
A(z + a1) · · ·A(z + am)
=
∑
z∈R
A(z)A(z + a2 − a1)A(z + a3 − a1) · · ·A(z + am − a1)
=
∑
z∈R
A(z)A(z + a2 − a1)A(z + a2 − a1 + a3 − a2) · · ·A(z + a2 − a1 + am − a2)
=
∑
z∈R
A(z)A(a3−a2,...,am−a2)(z + a2 − a1)
= δA,A(a3−a2,...,am−a2)(a1 − a2) .
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Hence,
σ =
∣∣∣{(a1, . . . , am) ∈ Am | δA,A(a3−a2,...,am−a2)(a1 − a2) > τ
}∣∣∣ .
Since A is of SzT-type, we have, using (1),
σ =
∑
a2,...,am∈A
∣∣∣{a ∈ A | δA,A(a3−a2,...,am−a2)(a− a2) > τ
}∣∣∣
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∑
a2,...,am∈A
∣∣∣{s ∈ A−A | δA,A(a3−a2,...,am−a2)(s) > τ
}∣∣∣
6
d(A)|A|
τ3
∑
a2,...,am∈A
|A(a3−a2,...,am−a2)|
2 (6)
6
d(A)|A|Em−1,3(A)
τ3
.
Indeed, to see the last inequality, note that the quantity
∑
a2,...,am∈A
|A(a3−a2,...,am−a2)|
2 can
be interpreted as the number of (m + 1)-tuples (a2, . . . , am, z, z
′), with a2, . . . , am ∈ A and
z, z′ ∈ A(a3−a2,...,am−a2). We want to upper bound this quantity by Em−1,3(A), which, by
definition, is equal to
∑
y3,...,ym∈R
|A(y3,...,ym)|
3. This latter quantity is equal to the number of
(m+ 1)-tuples (y3, . . . , ym, a2, z, z
′) such that a2, z, z
′ ∈ A(y3,...,ym).
With each tuple τ = (y3, . . . , ym, a2, z, z
′) of the latter kind we associate the tuple τ∗ =
(a2, a2 + y3, . . . , a2 + ym, z, z
′). Since a2 ∈ A(y3,...,ym), we have that each of a2, a3 := a2 +
y3, . . . , am := a2 + ym is in A. Similarly, since z, z
′ ∈ A(y3,...,ym), we have, by definition
z, z′ ∈ A(a3−a2,...,am−a2). That is τ
∗ is a tuple that contributes to the quantity in (6). The
converse implication, passing from a tuple τ∗ to that is counted in (6) to a tuple that is counted
in Em−1,3(A) is obtained by reversing the argument just given, in a straightforward manner.
The desired inequality thus follows, and this completes the proof of the lemma. ✷
3 Proof of Theorem 6
In what follows we assume, as in the theorem, that d(A) 6 d(B).
With each point p = (a, b, c) ∈ A3 we associate a plane h(p) in R3, given by
1
2
∣∣∣∣∣∣
a b c
x y z
1 1 1
∣∣∣∣∣∣ = 1, (7)
or equivalently by
(c− b)x+ (a− c)y + (b− a)z = 2.
We put
H := {h(p) | p ∈ A3}.
A triangle with vertices (a1, x1), (a2, x2), (a3, x3) has unit area if and only if the left-hand
side of (7) has absolute value 1, so for half of the permutations (i1, i2, i3) (i.e., three permu-
tations) of (1, 2, 3), we have (xi1 , xi2 , xi3) ∈ h(ai1 , ai2 , ai3). In other words, the number of
unit-area triangles is at most one third of the number of incidences between the points of B3
and the planes of H. In addition to the usual problematic issue that arises in point-plane
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incidence problems, where many planes can pass through a line that contains many points
(see, e.g., [2]), we need to face here the issue that the planes of H are in general not distinct,
and may arise with large multiplicity. Denote by w(h) the multiplicity of a plane h ∈ H, that
is, w(h) is the number of points p ∈ A3 for which h(p) = h. Observe that, for p, p′ ∈ A3,
h(p) ≡ h(p′) if and only if p′ ∈ p+ (1, 1, 1)R. (8)
We can transport this notion to points of A3, by defining the multiplicity w(p) of a point
p ∈ A3 by
w(p) :=
∣∣∣(p+ (1, 1, 1)R) ∩A3∣∣∣.
Then we clearly have w(h(p)) = w(p) for each p ∈ A3. Similarly, for q ∈ B3, we put, by a
slight abuse of notation,
w(q) :=
∣∣∣(q + (1, 1, 1)R) ∩B3∣∣∣,
and refer to it as the multiplicity of q. (Clearly, the points of B3 are all distinct, but the notion
of their “multiplicity” will become handy in one of the steps of the analysis — see below.)
Fix a parameter k ∈ N, whose specific value will be chosen later. We say that h ∈ H
(resp., p ∈ A3, q ∈ B3) is k-rich, if its multiplicity is at least k; otherwise we say that it is
k-poor. For a unit-area triangle T , with vertices (a, x), (b, y), (c, z), we say that T is rich-rich
(resp., rich-poor, poor-rich, poor-poor) if (a, b, c) ∈ A3 is k-rich (resp., rich, poor, poor), and
(x, y, z) ∈ B3 is k-rich (resp., poor, rich, poor). (These notions depend on the parameter k,
which is fixed throughout the rest of the analysis.)
Next, we show that our assumption that A and B are convex, or, more generally, of SzT-
type (with α = 2), allows us to have some control on the multiplicity of the points and the
planes, which we need for the proof.
Lemma 10. Let A be a set of SzT -type with parameter α = 2, and assume |A| = n1/2. Then
the number of k-rich points in A3 is O
(
d2(A)n2 log n
k3
)
.
Proof. Note that the number of k-rich points in A3 is exactly∣∣∣{(a, b, c) ∈ A3 | ∣∣(A− a) ∩ (A− b) ∩ (A− c)∣∣ > k}∣∣∣.
Applying Lemma 9, with the parameters m = 3 and τ = k, and then Lemma 8, the assertion
follows. ✷
We will also need the following lemma.
Lemma 11. Let A be a set of SzT -type, with the parameter α = 2, and assume |A| = n1/2.
The image set of the k-rich points of A3, under the projection map onto the xy-plane, is of
cardinality O(d(A)n3/2/k2).
Proof. First note that, by the definition of SzT-type, the number of points (a, b) ∈ A2, for
which the line (a, b) + (1, 1)R contains at least k points of A2, is O(d(A)n3/2/k2). Indeed, the
number of differences s ∈ A − A with δA,A(s) > τ is at most d(A)n
3/2/τ3. Each difference s
determines, in a 1-1 manner, a line in R2 with orientation (1, 1) that contains the δA,A(s) pairs
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(a, b) ∈ A2 with b − a = s. Let Mτ (resp., M>τ ) denote the number of differences s ∈ A − A
with δA,A(s) = τ (resp., δA,A(s) > τ). Then the desired number of points is∑
τ>k
τMτ = kM>k +
∑
τ>k
M>τ = O(d(A)n
3/2/k2) +
∑
τ>k
O(d(A)n3/2/τ3) = O(d(A)n3/2/k2).
Let (a, b, c) ∈ A3 be k-rich. Then, by definition, the line l := (a, b, c) + (1, 1, 1)R contains at
least k points of A3. We consider the line l′ := (a, b)+ (1, 1)R, which is the projection of l onto
the xy-plane, which we identify with R2. Note that the projection of the points of l ∩A3 onto
R
2 is injective and its image is contained in l′ ∩A2. In particular, l′ contains at least k points
of A2. As just argued, the total number of such points in A2 (lying on some line of the form
l′, that contains at least k points of A2) is O(d(A)n3/2/k2). ✷
In what follows, we bound separately the number of unit-area triangles that are rich-rich,
poor-rich (and, symmetrically, rich-poor), and poor-poor.
Rich-rich triangles. Note that for ((a, b, c), (ξ, η)) ∈ A3 × B2, with a 6= b, there exists at
most one point ζ ∈ B such that T ((a, ξ), (b, η), (c, ζ)) has unit area. Indeed, the point (c, ζ)
must lie on a certain line l((a, ξ), (b, η)) parallel to (a, ξ) − (b, η). This line intersects x = c
in exactly one point (because a 6= b), which determines the potential value of ζ. Thus, since
we are now concerned with the number of rich-rich triangles (and focusing at the moment on
the case where a 6= b), it suffices to bound the number of such pairs ((a, b, c), (ξ, η)), with
(a, b, c) ∈ A3 being rich, and (ξ, η) ∈ B2 being the projection of a rich point of B3, which is
O
(
d2(A)n2 log n
k3
·
d(B)n3/2
k2
)
= O
(
d2(A)d(B)n7/2 log n
k5
)
,
using Lemma 10 and Lemma 11.
It is easy to check that the number of unit-area triangles T (p, q, r), where p, q, r ∈ P and
p, q share the same abscissa (i.e., A-component), is O(n2). Indeed, there are Θ(n3/2) such pairs
(p, q), and for each of them there exist at most n1/2 points r ∈ P , such that T (p, q, r) has unit
area (because the third vertex r must lie on a certain line l(p, q), which passes through at most
this number of points of the grid P ); here we do not use the fact that we are interested only
in rich-rich triangles.
We thus obtain the following lemma.
Lemma 12. The number of rich-rich triangles spanned by P is O
(
d2(A)d(B)n7/2 log n
k5
+ n2
)
.
Poor-rich and rich-poor triangles. Consider first the case of poor-rich triangles. Put
Hi := {h ∈ H | 2
i−1
6 w(h) < 2i},
for i = 1, . . . , log k, and
S>k := {q ∈ B
3 | w(q) > k}.
That is, by definition,
⋃
iHi is the collection of k-poor planes of H, and S>k is the set of k-rich
points of B3. Since each element of Hi has multiplicity at least 2
i−1, we have the trivial bound
|Hi| 6 n
3/2/2i−1.
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Consider the family of horizontal planes F := {ξz}z∈B , where ξz0 := {z = z0}. Our strategy
is to restrict S>k and Hi, for each fixed i = 1, . . . , log k, to the planes ξ ∈ F , and apply the
Szemere´di–Trotter incidence bound to the resulting collections of points and intersection lines,
on each such ξ. Note that two distinct planes h1, h2 ∈ H restricted to ξ, become two distinct
lines in ξ. Indeed, each plane of H contains a line parallel to (1, 1, 1), and two such planes,
that additionally share a horizontal line within ξ, must be identical. By definition, we have
that S>k =
⋃
z∈B(S>k ∩ ξz), and the union is of pairwise disjoint sets. In particular, using
Lemma 10, we have
∑
z∈B
|S>k ∩ ξz| = |S>k| = O
(
d2(B)n2 log n
k3
)
.
The number of incidences between the points of S>k and the poor planes of H, counted
with multiplicity (of the planes), is at most
∑
z∈B
log k∑
i=1
2i · I(S>k ∩ ξz,Hiz),
where Hiz is the collection of lines {h ∩ ξz | h ∈ Hi}. By Theorem 5, this is at most
∑
z∈B
log k∑
i=1
2i ·O

|S>k ∩ ξz|2/3
(
n3/2
2i−1
)2/3
+ |S>k ∩ ξz|+
n3/2
2i−1


= O
(
n
∑
z∈B
|S>k ∩ ξz|
2/3
log k∑
i=1
2i/3 +
∑
z∈B
|S>k ∩ ξz|
log k∑
i=1
2i + n2 log k
)
= O
(
nk1/3
∑
z∈B
|S>k ∩ ξz|
2/3 +
d2(B)n2 log n
k2
+ n2 log k
)
= O

nk1/3
(∑
z∈B
|S>k ∩ ξz|
)2/3
|B|1/3 +
d2(B)n2 log n
k2
+ n2 log k


= O
(
d(B)4/3n5/2 log2/3 n
k5/3
+
d2(B)n2 log n
k2
+ n2 log k
)
,
where the second-to-last inequality is obtained via Ho¨lder’s inequality.
This bounds the number of poor-rich triangles spanned by P . Clearly, using a symmetric
argument, in which the roles of A and B are switched, this bound, with d(A) replacing d(B),
also applies to the number of rich-poor triangles spanned by P . We thus obtain the following
lemma.
Lemma 13. The number of poor-rich triangles and of rich-poor triangles spanned by P is
O
(
(d(A)4/3 + d(B)4/3)n5/2 log2/3 n
k5/3
+
(d2(A) + d2(B))n2 log n
k2
+ n2 log k
)
.
Poor-poor triangles. Again we are going to use Theorem 5. For i = 1, . . . , log k, put
Si := {q ∈ B
3 | 2i−1 6 w(q) < 2i},
and let S′i, H
′
i be the respective (orthogonal) projections of Si, Hi to the plane η := {x+y+z =
1}. Note that H ′i is a collection of lines in η. Moreover, arguing as above, two distinct planes
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of Hi project to two distinct lines of H
′
i, and thus the multiplicity of the lines is the same
as the multiplicity of the original planes of Hi. Similarly, a point q ∈ Si with multiplicity t
projects to a point q′ ∈ S′i with multiplicity t (by construction, there are exactly t points of
Si that project to q
′). These observations allow us to use here, as before, the trivial bounds
|S′i| 6 n
3/2/2i−1, |H ′i| 6 n
3/2/2i−1, for i = 1, . . . , log k.
Applying Theorem 5 to the collections S′i,H
′
j in η, for i, j = 1, . . . , log k, taking into account
the multiplicity of the points and of the lines in these collections, we obtain that the number
of incidences between the poor points and the poor planes, counted with the appropriate
multiplicity, is at most
log k∑
i,j=1
2i+j · I(S′i,H
′
j) =
log k∑
i,j=1
2i+j ·O


(
n3/2
2i−1
)2/3(
n3/2
2j−1
)2/3
+
n3/2
2i−1
+
n3/2
2j−1


= O

n2 log k∑
i,j=1
2(i+j)/3 + n3/2
log k∑
i,j=1
(
2i + 2j
)
= O
(
n2k2/3 + n3/2k log k
)
.
Thus, we obtain the following lemma.
Lemma 14. The number of poor-poor triangles spanned by P is O
(
n2k2/3 + n3/2k log k
)
.
In summary, the number of unit-area triangles spanned by P is
O
(
d2(A)d(B)n7/2
k5
log n+
(d(A)4/3 + d(B)4/3)n5/2
k5/3
log2/3 n
+
(d2(A) + d2(B))n2 log n
k2
+ n2k2/3 + n3/2k log k
)
. (9)
Setting k = n9/34(d2(A)d(B) log n)3/17 and recalling that d(A) 6 d(B) 6 n1/2 as well as our as-
sumption d(B) 6 n6/47d42/47(A)(log n)−13/47 makes the boundO
(
n37/17(d2(A)d(B) log n)2/17
)
,
and Theorem 6 follows. ✷
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